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2012 9 (height-free conjecture)
(Takuro Abe), Mohamed Barakat, Michael
Cuntz, Torsten Hoge [1] ( 1.3)
( 1.1) [1] 1.1
[1] \S 1
\S 2 \S 3
multiple addition theorem (MAT)
\S 4 MAT 1.1 MAT 3
\S 5 1.1
1870 2013 115-126 115
1
$\Phi$ $\ell$ (simple system) $\triangle=\{\alpha_{1}, \ldots, \alpha_{\ell}\}$
$\Phi^{+}$ $\Phi^{+}$ ( ) $\geq$ :
$\alpha,$
$\beta\in\Phi^{+}$ $\alpha\geq\beta$ $\alpha-\beta\in \mathbb{Z}\geq 0^{\alpha_{1}}+\cdots+\mathbb{Z}\geq 0\alpha\ell$
$\Phi^{+}$
$I$ $\beta$ $\alpha\in I$ $\alpha\geq\beta$
$\beta\in I$ $\alpha$ ht $(\alpha)$ $\alpha=\sum_{i=1}^{\ell}c_{i}\alpha_{i}$ $\sum_{i=1}^{\ell}c_{i}$
$m= \max\{ht(\alpha)|\alpha\in I\}$ $I$ (height distribution)
$(i_{1}, i_{2}, \ldots, i_{m})$ $i_{j};=|\{\alpha\in I|ht(\alpha)=j\}|$
$I$ (dual partition) $\mathcal{D}\mathcal{P}(I)$ $\ell$
:
$\mathcal{D}\mathcal{P}(I):=((0)^{\ell-i_{1}},$ (1) $, \ldots, (m-1)^{i_{m-1}-i_{m}}, (m)^{i_{m}})$ .
$(a)^{b}$ $a$ $b$
$\alpha\in\Phi^{+}$ $H_{\alpha}$ $\alpha$ $I\subseteq\Phi^{+}$
$\mathcal{A}(I)$ $:=\{H_{\alpha}|\alpha\in I\}$ $I=\Phi^{+}$
$\mathcal{A}(\Phi^{+})$ Weyl (




1.2 (Steinberg [12], Kostant [7], Macdonald [8])
Weyl $\mathcal{A}(\Phi^{+})$ (exponents) $\mathcal{D}\mathcal{P}(\Phi^{+})$
1.2 [3] Kostant, Macdonald, Shapiro Steinberg # (re-
markable) A. Shapiro ( )
R. Steinberg [12]
B. Kostant [7] principal
3 I. G. Macdonald [8]
Macdonald [6, (3.20)]
G. Akyildiz-J. Carrell [2, 3]
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1.1
1.2 ( $D_{5}$ )
1.3
$\Phi^{+}=\{\beta_{1}, \beta_{2}, \ldots, \beta_{s}\}$ $($ ht $(\beta_{1})\leq$ ht $(\beta_{2})\leq\cdots\leq$ ht $(\beta_{S}))$
$\Phi_{t}$











Poin $(M( \mathcal{A}(I)_{\mathbb{C}}), t)=\prod_{i=1}^{\ell}(1+d_{i}t)$
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$M(\mathcal{A}(I)_{\mathbb{C}})$ $\mathcal{A}(I)_{\mathbb{C}}$ $(d_{1}, \ldots, d_{\ell})$ $\mathcal{D}\mathcal{P}(I)$
2
[11]
$V$ $k$ $\ell$ $V$
$S:=S(V^{*})$ $V^{*}$
$\mathcal{A}$ $Q(\mathcal{A})$
$Q( \mathcal{A}):=\prod_{H\in \mathcal{A}}\alpha_{H}\in S$
$\alpha_{H}\in V^{*}$ $H\in \mathcal{A}$
Der $S$ $S$ $k$- Der $S$ $\ell$ $S$-
$\mathcal{A}$ $\mathcal{A}$ $D(\mathcal{A})$
$D(\mathcal{A})$ $:=$ { $\theta\in$ Der $S|$ $H\in \mathcal{A}$ $\theta(\alpha_{H})\in\alpha_{H}S$ }




$\mathcal{A}$ (exponents) $(d_{1}, \ldots, d_{\ell})$
$\exp(\mathcal{A})=(d_{1}, \ldots, d_{\ell})$ $\mathcal{A}$ intersection lattice
(2.1)
$L( \mathcal{A}) :=\{\bigcap_{H\in \mathcal{B}}H|\mathcal{B}\subseteq \mathcal{A}\}$
$L(\mathcal{A})$ $V\in L(\mathcal{A})$
$X\in L(\mathcal{A})$ $\mathcal{A}$ $X$ $\mathcal{A}_{X}$
$\mathcal{A}^{X}$ :
(2.2) $\mathcal{A}_{X}:=\{H\in \mathcal{A}|X\subseteq H\},$
(2.3) $\mathcal{A}^{X}:=\{H\cap X|H\in \mathcal{A}\backslash \mathcal{A}_{X}\}.$
$L(\mathcal{A})$
$\mu$ : $L(\mathcal{A})arrow \mathbb{Z}$




$\chi(\mathcal{A}, t):=\sum_{X\in L(\mathcal{A})}\mu(X)t^{\dim X}$
2.1( [14,9,11])
$\mathcal{A}$ $\exp(\mathcal{A})=(d_{1}, \ldots, d_{\ell})$
$\chi(\mathcal{A}, t)=\prod_{i=1}^{p}(t-d_{i})$ .
$\mathcal{A}$ $V=\mathbb{C}^{\ell}$ $\exp(\mathcal{A})=(dl,$ . . . , d $\mathcal{A}$
$M(\mathcal{A})$
$M( \mathcal{A}):=V\backslash \bigcup_{H\in \mathcal{A}}H$
$M(\mathcal{A})$
Poin$(M( \mathcal{A}), t)=\prod_{i=1}^{\ell}(1+d_{i}t)$
3 Multiple addition theorem
$\Phi$ addition theorem[13]
3.1 (Multiple addition theorem (MAT))
$\mathcal{A}$’ $\exp(\mathcal{A}’)=(d_{1}, \ldots, d_{\ell})(d_{1}\leq\cdots\leq d_{\ell})$ $1\leq p\leq P$
$d_{1}\leq d_{2}\leq\cdots\leq d_{\ell-p}<d_{\ell-p+1}=.$ . . $=d_{\ell}=:d.$
$H_{1},$
$\ldots,$
$H_{q}$ $H_{j}\not\in \mathcal{A}’(j=1, \ldots, q)$ $H_{j}$
$\mathcal{A}_{j}":=(\mathcal{A}’\cup\{H_{j}\})^{H_{j}}=\{H\cap H_{j}|H\in \mathcal{A}’\}(j=1, \ldots, q)$
3 :
119
(1) $X:=H_{1}\cap\cdots\cap H_{q}$ $q,$
(2) $X\not\in\bigcup_{H\in \mathcal{A}’}H,$
(3) $|\mathcal{A}’|-|\mathcal{A}_{j}"|=d(1\leq j\leq q)$ .
$\mathcal{A}:=\mathcal{A}’\cup\{H_{1}, \ldots, H_{q}\}$ $q\leq p$ $\mathcal{A}$
$\exp(\mathcal{A})=(d_{1}, \ldots, d_{\ell-q}, (d+1)^{q})$
$\nu_{j}$ : $\mathcal{A}_{j}"arrow \mathcal{A}’(1\leq i\leq q)$






$( [13] [11, P\cdot 114] )$ $\theta_{1},$ $\ldots,$ $\theta_{\ell}$ $D(\mathcal{A}’)$
$\deg\theta_{i}=d_{i}(i=1, \ldots, \ell),$ $\deg\theta_{1}\leq\cdots\leq\deg\theta_{\ell-p}=d_{\ell-p}<d$
(3)
$\deg b_{j}=|\mathcal{A}’|-|\mathcal{A}_{j}"|=d$





$d$ $b_{j}$ $\deg b_{j}=d$
$c_{ij}$
$\varphi_{i}(\alpha_{H_{j}})\equiv c_{ij}b_{j}mod (\alpha_{H_{j}})$
$C$ $(p\cross q)$ - $C=(c_{ij})_{i,j}$
(2) $z \in X\backslash \bigcup_{H\in \mathcal{A}’}H$ $z$ $D(\mathcal{A}’)$
$z$ evaluation $V$ $T_{V,z}$








rank $C=\dim\pi(ev_{z}\langle\varphi_{1}, \ldots, \varphi_{p}\rangle)=\dim(T_{V,z}/T_{X,z})=q$
(1) $q\leq p$
$C=(\begin{array}{l}E_{q}O\end{array})$
$\theta_{1}, \ldots, \theta_{\ell-q}, \alpha_{H_{1}}\varphi_{1}, \ldots, \alpha_{H_{q}}\varphi_{q}$
$D(\mathcal{A})$ $\mathcal{A}$ $\exp(\mathcal{A})=(d_{1}, \ldots, d_{\ell-q}, (d+1)^{q})$
4 MAT 3
\S 1 \S 2 Weyl $\mathcal{A}(\Phi^{+})$ $\mathcal{A}$
[4] [6]
$\alpha\in\Phi^{+}$ $\mathcal{A}^{\alpha}$ Weyl $\mathcal{A}$ $H_{\alpha}$
$\mathcal{A}^{\alpha}:=\mathcal{A}^{H_{\alpha}}=\{K\cap H_{\alpha}|K\in \mathcal{A}\backslash \{H_{\alpha}\}\}$
$\alpha$ coheight
$coht_{\Phi}\alpha:=h-1-ht(\alpha)$
$h$ $\Phi$ Coxeter $X\in L(\mathcal{A})$ $\Phi_{X}:=\Phi\cap X^{\perp}$




$\Phi_{X}$ $\alpha$ $\Phi_{X}$ $\Psi$
coht$x^{\alpha}$ $:=coht_{\Psi}\alpha$
MAT ( 3.1) (3)
4.2 :









$C_{1}=0$ $coht_{X_{0}}\alpha-cohtx_{ }\beta=1,$ $X_{0}\in \mathcal{A}^{\alpha}$
$X_{0}\in \mathcal{A}^{\beta}$
$C_{1}=C_{\Phi}( \alpha)-C_{\Phi}(\beta)-1=\sum_{X\in \mathcal{A}^{\alpha}}coht_{X}\alpha-\sum_{Y\in \mathcal{A}^{\beta}}coht_{Y}\beta-1$
(4.1)
$= \sum_{X\in \mathcal{A}^{\alpha}\backslash \{X_{0}\}}$
coht
$x \alpha-\sum_{Y\in \mathcal{A}^{\beta\backslash \{X_{0}\}}}coht_{Y}\beta.$
$\mathcal{Z}:=\mathcal{A}^{X_{0}}=\{K\cap X0|K\in \mathcal{A}, X0\not\subset K\}$
$C_{1}= \sum_{Z\in Z}(\sum_{X\supset Z}$ coht $x \alpha-\sum_{Y\in \mathcal{A}^{\beta}\backslash \{X_{0}\}}coht_{Y}\beta)$
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$A_{3},$ $B_{3},$ $C_{3}$ coheight
local-global 2
local-global 3 $\Phi_{Z}(Z\in \mathcal{Z})$
local-global
$C_{1}= \sum_{Z\in Z}(\sum_{X\supset Z}coht_{X}\alpha-\sum_{Y\in \mathcal{A}^{\beta}}$ coht$Y\beta$ –coht$x_{0}\alpha+$ coht$x_{0}\beta)$
$= \sum_{Z\in \mathcal{Z}}(coht_{\Phi_{Z}}\alpha-coht_{\Phi_{Z}}\beta-1)=0.$
4.2
$I\subseteq\Phi^{+}$ $k+1;=$ ht $(\alpha)>1$ $\alpha\in I$
$\mathcal{B}’:=\{H_{\beta}|\beta\in I, ht(\beta)\leq k\},$
$\mathcal{B}:=\mathcal{B}’\cup\{H_{\alpha}\}, \mathcal{B}":=\mathcal{B}^{H_{\alpha}}=\{H\cap H_{\alpha}|H\in \mathcal{B}’\},$
$|\mathcal{B}’|-|\mathcal{B}"|=k$
$I=\Phi^{+}$ $(\mathcal{B}, \mathcal{B}’, \mathcal{B}")$ $(\mathcal{A}, \mathcal{A}’, \mathcal{A}")$
$\mathcal{B}"$ $\mathcal{A}"=\mathcal{A}^{\alpha}$ $X\in \mathcal{A}"$
(4.2) $|\mathcal{A}_{X}|-2$ –coht$x\alpha=\{\begin{array}{ll}|\mathcal{B}_{X}|-2 if X\in \mathcal{B}",0 if X\in \mathcal{A}"\backslash \mathcal{B}",\end{array}$
$\mathcal{A}_{X}$ $\mathcal{B}_{X}$ (2.2) $X$
$\Phi_{X}^{+}$ :
$i_{1}=2, i_{2}=\cdots=i_{n}=1 (n=|\Phi_{X}^{+}|-1)$ .
1. $X\in \mathcal{B}"$ $|\mathcal{B}_{X}|\geq 2$ $I_{X}:=I\cap\Phi_{X}^{+}$ $\Phi_{X}^{+}$
$|I_{X}|=|\mathcal{B}_{X}|\geq 2$ $I_{X}$ $\Phi_{X}$




2. $X\in \mathcal{A}"\backslash \mathcal{B}"$ $\mathcal{B}_{X}=\{H_{\alpha}\}$ $I_{X}=\{\alpha\}$
$I_{X}$ $\Phi_{X}^{+}$ $\alpha$ $\Phi_{X}$ coht $x\alpha=|\mathcal{A}_{X}|-2.$
(4.2)
(4.2) 4.1
$| \mathcal{B}’|-|\mathcal{B}"|=\sum_{X\in \mathcal{B}"}(|\mathcal{B}_{X}|-2)=\sum_{X\in \mathcal{B}"}(|\mathcal{A}_{X}|-2-coht_{X}\alpha)$
$= \sum_{X\in \mathcal{A}’},$
$(|\mathcal{A}_{X}|-2$ –coht


















ht (I) $:= \max\{ht(\alpha)|\alpha\in I\}$
ht(I) $=1$ $\mathcal{A}(I)$ Boolean
$k+1:=ht(I)>1$ $I$ $I_{j}$













MAT (1), (2), (3)




$\mathcal{A}_{1}$ $\mathcal{A}_{2}$ $\mathcal{A}_{1}\cross \mathcal{A}_{2}$ $\exp(\mathcal{A}_{1}\cross \mathcal{A}_{2})$
$\exp(\mathcal{A}_{1})$ $\exp(\mathcal{A}_{2})$ disjoint union [11, Proposition 4.28].
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